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Abstract 

We compare by a very elementary approach the second adjoint and 
trivial Leibniz cohomology spaces of a Lie algebra to the usual ones. Ex- 
amples are given of coupled cocycles. Some properties are deduced as to 
Leibniz deformations. We also consider the class of Lie algebras for which 
the Koszul 3-form is zero, and prove that it contains all quotients of Borel 
subalgebras, or of their nilradicals, of finite dimensional semisimple Lie 
algebras. Finally, a list of Kac-Moody types for indecomposable nilpotent 
Lie algebras of dimension < 7 is given. 



1 Introduction. 

Leibniz algebras, along with their Leibniz cohomologies, were introduced in [llj 
as a non antisymmetric version of Lie algebras. Lie algebras are special Leibniz 
algebras, and Pirashvili introduced [TH] a spectral sequence, that, when applied 
to Lie algebras, measures the difference between the Lie algebra cohomology 
and the Leibniz cohomology. Now, Lie algebras have deformations as Leibniz 
algebras and those are piloted by the adjoint Leibniz 2-cocycles. In the present 
paper, we focus on the second Leibniz cohomology groups HL 2 (g, g), HL 2 (q, C) 
for adjoint and trivial representations of a complex Lie algebra g. We adopt a 
very elementary approach, not resorting to the Pirashvili sequence, to compare 
HL 2 (q,q) and HL 2 (g,C) to H 2 (q 7 q) and iJ 2 (g,C) respectively. In both cases, 
HI? appears to be the direct sum of 3 spaces: H 2 © ZLq © C where H 2 is 
the Lie algebra cohomology group, Zh\ is the space of symmetric Leibniz-2- 
cocycles and C is a space of coupled Leibniz-2-cocycles the nonzero elements 
of which have the property that their symmetric and antisymmetric parts are 
not Leibniz cocycles (a similar situation occurs in second cohomology of current 
algebras [13]). Many Lie algebras are uncoupling in the sense that the space of 
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coupled cocycles is zero. We give examples in dimensions starting from 5 of Lie 
algebras that are not uncoupling. We deduce some criteria for a Lie algebra to 
be rigid as Leibniz algebra, and results as to the number of Leibniz deformations 
in some cases. In a first part, we consider the subclass of uncoupling Lie algebras 
which have the property that the Koszul 3-form is zero. We prove in particular 
that it contains all quotients of Borel subalgebras, or of their nilradicals, of finite 
dimensional semisimple Lie algebras. We also give a list of Kac-Moody types 
for indecomposable nilpotent Lie algebras of dimension < 7. 

2 Leibniz cohomology. 

Recall that a (right) Leibniz algebra is an algebra g with a (non necessarily anti- 
symmetric) bracket, such that the right adjoint operations [•, Z] are required to 
be derivations for any Z G g. In the presence of antisymmetry, that is equivalent 
to the Jacobi identity, hence any Lie algebra is a Leibniz algebra. 

The Leibniz cohomology HL*(q,q) of a Leibniz algebra is defined from the 
complex CL'(q,q) = Horn (0® # ,fl) = fl <£> (g*)®* with the Leibniz-coboundary 
6 defined for ip e CL n (g, g) by 

(6^)(X 1 ,X 2 ,--- ,X n+1 ) = 

n+l 

[Xi,V(X 2 ,--- ,X n+1 )] + J2(-W(Xi,--- ,X it --- ,X n+1 ),Xi] 

+ E .Xi-lJXi.jy.Xi+l,-" ,*,V ,X n+ l). 

(If g is a Lie algebra, 5 coincides with the usual coboundary d on C*(g,g) = 
0O A* 0*- ) 

For V e CL!(g,g) - CHg,g) = q® g* 

{81>){X,Y) = [X,i>(Y)\ + mX),Y] - 1>([X,Y]). 
Fori/>eCL 2 (g,g) = g®(g*f 2 , 

{5i/>)(X, Y, Z) = [X, MY, Z)\ + [i>(X, Z),Y\- [$(X, Y), Z] 

- <p([x, y\,z) + i>(x, [y, Z\) + <P([X, Z],Y). 

In the same way, the trivial Leibniz cohomology HL'(g,C) is defined from 
the complex CL'(q,C) = (g*)®* with the trivial-Leibniz-coboundary 6c defined 
for V € CL n ( e ,C) by 

(6 C ^)(X 1 ,X 2 ,--- ,X n+1 ) = 

^ 4>{X-t, ■ ■ ■ [X i} Xj], X i+ i, ■ ■ ■ ,-Xjv ,X n+ i). 

l^i<j^n+l 
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If g is a Lie algebra, 6c is the usual coboundary dc on C*(g, C) = f\* g*. 
ForVeCL 1 (fl,C)=fl*«)0, 

(^)(x,r) = -^([x,y]). 
For cl 2 ( ,c) = ( *f 2 , 

(<5c^)(X, r, Z) = -i>{[X, Y],Z)+ tP(X, [Y, Z]) + i,([X, Z],Y). 

3 Some properties of the Koszul map. 

Let g be any finite dimensional complex Lie algebra. Recall that a symmetric bi- 
linear form B G S 2 g* is invariant, i.e. B G (S 2 g*) B if and only if B([Z, X],Y) = 

-B(X,[Z,Y}) yX,Y,Z E g. The Koszul map 9J 2 : (S 2 g*) B -> (aV) B C 
Z 3 (g,C) is defined by = I B , with I B (X, Y, Z) = B([X,Y],Z) MX,Y,Z G g. 

Lemma 1. Denote C 2 g = [g,g\. The projection ir : g — > g/C 2 g induces an 
isomorphism 

zu : kerX^ S 2 (g/C 2 g)* . 
Proof. For B G kerX, define vj{B) G S 2 (g/C 2 g)* by 

w(B)(n(X),Tr(Y)) = B(X,Y), VX,Y G g. 
ro(£?) is well-defined since for X, Y, U. V e g 

+ = s(x,y) + s([c/,y],r) 

= B(x,Y) + ifl([/,v ) y) 

= B(X,Y) (as I B = 0). 

The map zjj is injective since za{B) = implies B(X, Y~) = VX, V 6 g. To prove 
that it is onto, let B € S 2 (g/C 2 g)* , and jet B v € S 2 g* defined by B n (X, Y) = 
B(7r{X),Tr(Y)). Then B W ([X,Y],Z) = B(n([X, Y]),n(Z)) = B(0,n(Z)) = 
MX, Y, Z G g, hence G (SV) and 5^ G kerX Now, = B. □ 

From lemma [1] dim (S' 2 g*) s = p ^ p ^ + dimlmX, where p = dimi/ 1 (g,C). 
For reductive g, dim (S^g*) = dimff 3 (g, C) (0). Note also that the restriction 
of 6 C to (SV) B is -I. 

Definition 1. g is said to be X-null (resp. T-exact) if I — (resp. ImX C 
£ 3 (g,C)). 

g is X-null if and only C 2 g C kerB MB G (S ,2 g*) s . It is standard that for any 
B G (5 2 g*) fl , there exists Si G (S 2 g*) B such that kcr (£? + Bi) C C 2 g, hence 
C\Be(s 2 B , ) tl keri? C C 2 g, hence g is X-null if and only C\Be(s 2 g*) a ker_B = C 2 g. 
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Lemma 2. (i) Any quotient of a (not necessarily finite dimensional) I -null Lie 
algebra is I-null. 

(ii) any finite direct product of X -null Lie algebras is I-null. 

Proof, (i) Let g be any I-null Lie algebra, fj an ideal of g, g = g/fj, 
7T : g -> g the projection, and B G (S" 2 g*) B . Define B„ G_S' 2 g* by B n (X, Y) = 
B{tt{X),tt{Y)),X,Y G g. Then B w ([X,y],Z) = B(7r([X, Y]), tt(Z)) = 
B([ir(X),Tr(Y)],ir(Z)) = B(ir(X), [ir(Y),ir(Z)}) = B(ir(X), n([Y, Z])) = 
B*(X, [Y, Z]) VX, Y, Z G g, hence B„ G (5 2 g*) fl and I B o (tt x tt x tt) = J flw = 
since g is X-null. Hence 7g = 0. 

(ii) Let g = gi x g 2 (g l5 g 2 X-null) and B G (S 2 g*) B . As B(Xi, [Y 2 , Z 2 \) = 
b{[X u Y 2 ],Z 2 ) = B(0,Z 2 ) = OVXi G 0i,Y 2 ,Z 2 G g 2 , B vanishes on fll x C 2 g 2 
and on C 2 gi x g 2 as well, hence Ib = 0. □ 

Lemma 3. Let q be a finite dimensional semi-simple He algebra, with Cartan 
subalgebra f), simple root system S, positive roots A + , and root subspaces g". 
Let t be any non empty subspace of (), and T c A + such that a + (3 G V for 
a, [3 G T, a + (3 G A + . Consider u = 6 © Qcr Q - 
(%) Suppose that ai{ ^ OVa G T. T/ien u is J-null. 

(ii) Suppose that a|{ = OVa £ TnS, and a| { ^ OVa G T \ 5. TTien u is X-null. 

Proof, (i) Let u+ = © Qgr g Q , and X Q a root vector in g Q : g" = CX a 
Va G T. Let B G (S 2 u*) u . First, B(H,X) = OViJ £ t,X 6 u+. In fact, 
for any a G T, since there exists B Q G 6 such that a(H a ) ^ 0, B(H,X a ) = 
^)B(H, [H a ,X a ]) = ^jj^j B{[H, H a ], X a ]) = ^- ) B(0,X a ) = 0. Second, 
that entails that the restriction of B to u+ x u+ is zero, since for any a, (3 G T, 

B(X a ,Xp) = — — — B([H a ,X a ],Xp) = B(H a , [X a ,Xp]) =0 

a{H a ) a[H a ) 

as [X a , Xp] G u+. Then u is X-null. 

(ii) In that case, X a C 2 u Va G T n 5, and dim (u /C 2 u) = dim* + #(r n 5). 
For u to be X-null, one has to prove that, for any B G (S 2 u*) : 

B(H,Xp) = 0VH €t, f3eT\S; (1) 
B(x a , Xp) = o Va erns,/3er\S; (2) 

B(Xp, Xj) = Va, /9 G T \ S 1 . (3) 
(fTJ) is proved as in case (i). To prove ((U), let Hp G t such that f3{Hp) ^ 0. Then 

B(X a ,Xp) = B(X a , [Hp, Xp}) = -^—jB([X a ,Hp],Xp) = 



B(a(Hp)X a ,Xp) = -——B(0,Xp)=0. 



P(Hp) ^ - P{Hp) 



As to ©, 



B(Xp,Xry) = -J—^B(lH p ,Xp],X 7 ) = ^-jB(Hp, [Xp,X^]) = from ©. 
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□ 

Example 1. Any Borel subalgebra is X-null. 

Proposition 1. Let g 2 be a codimension 1 ideal of the Lie algebra g, (x\,- ■ ■ ,xjy) 
a basis of g with x\ g 2 , x 2 , ■ ■ ■ ,xn € $2, ^2 the corresponding projection onto 
Q2, and (w 1 , • • • ,uj n ) denote the dual basis for g*. Let B e (S 2 g*) , and denote 
B2 € (S 2 g 2 ) 32 the restriction of B to g 2 x g 2 . Then: 

ft) 

I B = diuj 1 A /) + Ib 2 ° (tt 2 x tt 2 x tt 2 ). (4) 
where f = B(-,xi) G g* . 

(ii) Let 7 e /\ 2 g 2 C /\ 2 g* , and denote d 02 the coboundary operator ofg 2 . Then 

dry = uj 1 A d Xl (7) + d S2 j o (tt 2 x tt 2 x tt 2 ) (5) 

where 6 Xl stands for the coadjoint action of x\ on the cohomology of g. 

(Hi) Suppose Ib 2 € B 3 (g 2 ,C), and let 7 e A 2 02 c A 2 0* suc ^ that I B , 2 = d S2 -f. 

Then I B € £? 3 (g,C) i/ and on/?/ i/ A Xl (-j) e B 3 (g,C). In particular, the 

condition 

M7) = # (6) 

implies Ib — dj. 

Proof, (i) For I,y,Zeg one has 

Y], Z) = B([w 1 (X)x 1 + tt 2 (X),w 1 (Y)x 1 + tt 2 (Y)},uj 1 (Z)x 1 + tt 2 (Z)) 
= B (w 1 (X)[x 1 ,tt 2 (Y)]-uj 1 (Y)[x u w 2 (X)} + [7r 2 (X),7r 2 (F)], 

U 1 {Z)X 1 +TT 2 {Z)) 

= w 1 (X)w 1 (Z)B([x 1 ,7T 2 (Y)],x 1 ) - uj 1 (Y)w 1 (Z)B([x U 7t 2 (X)},x 1 ) 
+ f3(X, Y,Z) + B ([ir 2 (X),n 2 (Y)},n 2 (Z)) 

= 0(X, Y,Z) + B ([w 2 (X), n 2 (Y)],n 2 (Z)) (7) 

where 

f3(X, Y, Z) = u 1 (Z)B([w 2 (X),n 2 (Y)},x 1 ) + u 1 (X)B([x u n 2 (Y)},n 2 (Z)) 
-w 1 (Y)B([x 1 ,n 2 (X)],7r 2 (Z)) 

= LO 1 (Z)B( [7T2 (X) , 7T 2 (Y )] , Xl ) + U 1 (X)B( Xl , [7T2 (Y ) , 7T 2 (Z)] ) 

-u 1 (Y)B(x 1 ,[n 2 (X),w 2 (Z)}). 

Now 

df(X,Y) = -B([X,Y],x\) 

= -B([cj 1 (X)x 1 + ■k 2 {X),w\Y)x 1 + n 2 (Y)],xi) 

= -B(lj\X)[ Xi ,* 2 (Y)]) -^(Y^xuit^X)} + [7r 2 (A-),7r 2 (y)],a5i) 

= -B([n 2 (X),ir 2 (Y)], Xl ), 
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hence 

(3(X,Y,Z) = -(u J 1 (Z)df(X,Y)+oj 1 (X)df(Y,Z)~Lj 1 (Y)df(X,Z)) 
= -(lu 1 Adf){X,Y,Z). 

Since du 1 — 0, ([7]) then reads 

I B = diuj 1 A /) + Ib 2 o (tt 2 x tt 2 x tt 2 ). (8) 

(ii) One has for any X, Y, Z G g 

d 7 (X, F, Z) - d 7 (7T 2 (X), 7T 2 (y), tt 2 (Z)) + w 1 (X)d7(x 1 ,7r 2 (F), jt 2 (Z)) 

+ LJ 1 (Y)d 1 (TT 2 (X), X X ,TT 2 {Z)) + LJ 1 {Z)d-f(7T 2 (X), 7T 2 (F), an). 

Now, since 7 vanishes if one of its arguments is x\, 

d 7 (x 1 ,w 2 (Y),w 2 (Z)) = -7([ar ll 7r 2 (Y)],7r 2 (Z))+ 7 ([x 1 ,7r 2 (Z)],7r 2 (y)) 
d 7 ( 7 r 2 (X),ar 1) 7r 2 (Z)) = - 7 ([tt 2 (X), a*], tt 2 (Z)) - 7 ([ar 1; 7r 2 (Z)],7r 2 (X)) 
d 7 (7r 2 (A:),7r 2 (y),a;i) = 7 ([7r 2 p0, zi], 7T 2 (y)) - 7 ([ 7 r 2 (y),a ;i ],7r 2 (X)), 

hence 

drf(X, Y, Z) = d 7 (vr 2 (X) ,n 2 (Y ) , tt 2 (Z) ) + c^ 1 (X)9 Xl 7 (vr 2 (Y ) , tt 2 (Z) ) 
- W 1 (r)^ l7 (^ 2 (X),7r 2 (Z))+ W 1 (Z)^ l7 (7r 2 (X),^ 2 (y)) 

= d 7 (7r 2 (X), 7r 2 (F), tt 2 (Z)) + (c^ 1 A 6 Xll ) (X, Y, Z) 

since 9 Xi1 (tt 2 {U),t: 2 {V)) = Xl7 (W for all [/, 7 6 0. 

(hi) Results immediately from (i) and (ii). □ 

Corollary 1. Under the hypotheses of Prop. 1, suppose that x\ commutes with 
every Xi (2 ^ i ^ N) except for x^ , ■ ■ ■ , Xi r and that Xi t , • • • , Xi T commute to 
one another. Then, if q 2 is X -null, g is X-null. 

Proof. One has to prove that for any invariant bilinear symmetric form B on 
0, and any 2 ^ i.j ^ N, B(xi,[xi,Xj]) — 0. For i ^ ,i r , and any 

j ^ 2, B(xi,[xi,Xj}) = B([xi,Xi],Xj) = B(0,Xj) = 0. For i,j e {h,--- ,ir}, 
B(xi,[x i ,x j ]) = B(xi,0) = 0. □ 

Corollary 2. Any nilpotent standard filiform Lie algebra or any Heisenberg Lie 
algebra is X-null. 

Corollary 3. Any Lie algebra containing some X-null codimension 1 ideal is 
X- exact. 

Corollary 4. Any nilradical Q of a Borel subalgebra of a finite- dimensional 
semi-simple Lie algebra is X-null. 



G 



Proof. It is enough to consider the case of a simple Lie algebra, hence of one of 
the 4 classical types plus the 5 exceptional ones. 

Case A n . Denote E^j, 1 ^ i,j ^ n + 1 the canonical basis of gl(n + 1,C). 
One may suppose that the Borel subalgebra of A n is comprised of the upper 
triangular matrices with zero trace, and the Cartan subalgebra f) is ®*Z" Cfij 
with Hi = Ea — Ei+x i+i. For n = 1, g is C, hence I-null. Suppose the result 
holds true for the nilradical of the Borel subalgebra of A n _i = sl(n). One has q = 
CEi :2 (B- ■ -©Ci?i jn+ i©92 with q' 2 having basis Ei t j,2 < i < j ^ n+1 and being 
the nilradical of the Borel subalgebra of A n -\, hence I-null. E\^ n+ i commutes 
with g' 2 , hence, from corr. [TJ Ci?i jn +i © q' 2 is I-null. Now Ei >n commutes with 
all members of the basis of CEi tn+ i®g' 2 , except for E,^ n+1 . Hence, from corr. [TJ 
CE ijn © C£7i, n+ i © 2 is I-null. Now consider CEi,„_i © CE ly7l © CE 1>n+1 © 2 . 
C£i jn _i commutes with all members of the basis of CEi iTl © CEi in +i © q' 2 
except for E n ^\ >n , E n -i. n +\. Since those 2 commute, we get in the same way 
that CEa,n_i © CE 1 !^ © CEi )n+ i © 2 is I-null. The result then follows by 
induction. 

Case D n . We may take D n as the Lie algebra of matrices 
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Z-i — Z\ 



(9) 



with Z,; € gl(n,C) 7 Z 2 , Z 3 skew symmetric (see [7], p. 193). Denote Eij — 
(^ E ' 3 -E 3 i) > = ( o Ei,i o Ej,i ) ( ^.i' 1 ^ ^ n tnc canon i ca l basis of 
0[(n, C)). The Cartan subalgebra f) is ®*Z™ CHj with ii^ = and the 
nilradical of the Borel subalgebra is D+ = ©!^ i<:) ^„ CE it3 ■®© 1 ^ i< ^ 1! CFjj. 
All jFij's commute to one another, and one has: 

[Ei,j,Fk t l] — Sj,kFi,t — $j,lFi,k (10) 

We identify D n _i to a subalgebra of -D„ by simply taking the first row and first 
column of each block to be zero in For n = 2, D 2 = C 2 is I-null. Suppose 
the result holds true for D^_ 1 . One has 

D+ = CE h2 © CE h3 © • • -CE hn © CFi,™ © • • • © CF h2 © D+_ v (11) 

Start with CFi i2 ©D+_ x . From fTO]). f\ )2 commutes with all (2 < i < j < n) 
hence with £>„_x- Then D^_ 1 is a codimension 1 ideal of CFi^ © D^_ 1 and 
CFi^ffi-D^i is I-null from corr. Q] Consider now C#i, 3 8(CIi >2 8l>+_ 1 ). Again 
from (jTTJJ) , F13 commutes with all elements of the basis of D^_x except E 2 ^ 
and [E2,3, Fi^] — Ii j2 . Then CFi,2 © Dt-i i s a codimension 1 ideal of CFi^ © 
(CA,2 © and the latter is I-null. Suppose that CF M -i © • • • © CIi j2 © 

is a codimension 1 ideal of CF 1)S ©(CF 1)S _i©- ■ •©CF 1)2 ©D+_ 1 ), and that 
the latter is I-null. Consider CF M+ i 8 (CIi >s 8 • • ■©CFi, 2 ©.D+_ 1 ). From (JO]), 
for 2 ^ i < j ^ n, [-Ej.j, -Fi.s+i] = ^j>+i-Fi,i is nonzero only for i = 2, • • • , s, 
and j = s + 1, and it is then equal to Fn. Then first CF M © (CF M -i 8 • • • 8 
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CFi,2® J D+_ 1 ) is a codimension 1 ideal of CF M+ iffi(CF M ffi- • -©CFi >2 ®D+_ X ). 
Second, the latter is Z-null from corr. [T] By induction the above property holds 
for s — n. Consider now CEi,„ © (CF liB © • • • © CFi, 2 © D+_ x ). One has for 
2 < i < j < n, [E 1>n ,E itj ] = 0, [E hn ,F zJ ] = -5 n jF 1;i , [E lin ,F ld ] = 0. Hence 
CF hn © • • • © CF 1)2 © is an ideal of CE hn © (CF hn © • • • © CFi, 2 < 

and the latter is I-null. For 2 ^ i < j ^ n, l^fc^n — 2, 

[-E'l.n-fe, Eij] = S n -k,iEij, 

\E\.n—k-)Eij\ $n — k.iE\.j &n — k.jF\_i : 

[El, n -k, Ei : n] = 6 n -k,lEi, n , 



[El,n-k, Fl, 



1,3- 



[-Ea,n-i) -E, 



is nonzero only for i = n — l,j = n and yields then E\ n ; 
[Ei t n-i, Fi j] is nonzero only for (i = n — l,j = n) or for (i < j = n — 1) 
and yields respectively Fi.ru or ~Fi,i- [Fi, n -i, Fi,„] and [Fi in _i, Fij] are zero 
for n > 3. Hence, first CFi,„ © CFi,„ © • • • © CFi, 2 © £>jt_i> is a codimen- 
sion 1 ideal of CE ltn -x © (Cli, n © CA,™ © • • • © CF 1>2 © D+_ x ), and second , 
the latter is I-null, since F„_i in , commutes with Fj. n _i, F n _i jn . Suppose that 
CFi, n _fc+i © • • • © CFi,„ © CFi,„ © • • • © CFi >2 © D+_! is a codimension 1 
ideal of CFi,„_ fe © (CFi,„- fe+ i © • • • © CFi,„ © CF hn © • • • © CFi, 2 © £>+-i) 
and that the latter is I-null. Consider CFi in _ fc _i © (CFi in _ fc © • • • © CFl„ © 
CFi.n © • • • © CFi,2 © I>+_i). [Fi,„- fc -i, Fjj] is nonzero only for i = n - k - 1 
and yields then E lt j] [Fi )n _ fe _i, F it j] = S n - k -i,iFij - £ n -k-i,jFi,t is nonzero 
only for i = n — k — 1 or j = n — fc — 1 and yields resp. F\j or — F-_ 
Hence CFi,„_ fe © • • • © CFi,„ © CFi, n © • 
CFi, n _ fe _i © (CFi,„_ fc © • • • © CFi,„ © CFi, T . 



l,i- 



CFi >2 © is an ideal of 



i CFi . 



>D1 



The latter 



is X-null since E n _k-i,j commutes with both F n -k-i,j> , Fi iT1 _fe_i. The result 
follows by induction. 

Case B n . We may take B n (n ^ 2) as the Lie algebra of matrices 






u 


V \ 




Zi 


z 2 


- l u 







(12) 



with u, v complex (1 x n)-matrices, Zi £ gl{n, C), Z 2 , Z3 skew symmetric, i.e. 

(- 



\ 






u 






-*« 








-«zt 









(13) 



with ^4 G D n . The Cartan subalgebra is the same as for D n . Then B+ consists 
of the matrices 

/ 











v\ 


-*t> 




A 











) 



(14) 
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with v complex (1 x n)-matrix and A E D+. We identify A E to the matrix 



/ 





V o 







.4 



/ 



For 1 ^ q n, let v q the 1 x n-matrix E\ q = (0, 
and 



0) (1 in q th position), 











Vg \ 


Vq 



















Hence B+ = (0™ =1 Cv q ^j © D+. One has for 1 sC q ^ n, ls^i<j^ 



[Vq,F itj ] = 



SqjVi 



and for 1 ^ s < q ^ n 

[v g ,v a ]= F Sl g. (15) 

Consider Cvi © D+. As v\ commutes with Eij,Fij, D+ is an ideal of Cvi © 
and the latter is I-null. Suppose Cu s _i © • • • Cv\ © D+ is an ideal 
of Cv s © (Cv s -! © • • • © Cvi © D+) and the latter is X-null. Consider Cv s+ i © 
(Cv s © Cv s -i © • • • © Cvi © . [v s+ i,Eij] = —5 s +i,jVi hence v s+ \ commutes 
to all Eijs except for J5j, a +i (i < s + 1) and then yields —Vi. For < < s + 1, 
[ua+ij #t] = ^t,s+i' Hence Cu s © Cv s -i © • • • © Cvi © D+ is an ideal of Cz^+i © 
(Cw s © Cw s _i © • • • © Cvi © D+) . The latter is X-null since the E itS+ i (i < 8+1) 
commute to one another. Hence by induction the property holds for s — n and 
-B+ is J-null. 

Case C n . This case is pretty similar to the case D n . We may take C n as the 
Lie algebra of matrices 

Z 3 — Zi 



(16) 



with Zi E gl(n, C), Z2, Z3 symmetric. Eij and the Cartan subalgebra are iden- 



tical to those of D n . We denote for 1 i, j < n : F itj = (1 E '- 3 q Ej 



Then 



C+= CE, 



CFk,i- 



l<k<l<r 



All Fk i's commute to one another, and one has: 



j Fk,i] — 8j,kFij + 8j,iFij 



(17) 



(18) 



The case is step by step analog to the case of D n with ([18)) instead of (fT0() and 
(fT7|) instead of (rf]). 
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Case G2. The commutation relations for G2 appear in [6J, p. 346. 
is 6-dimensional with comm. rel. [351,352] = ^3; [351,353] = [351,354] = 
—3355; [352,355] = —^6; [353,354] == —3xg. has the same adjoint cohomology 
(1, 4. 7, 8, 7, 5, 2) as, and is isomorphic to, 06,18, which is Z-null. 

Case F4. F4 has 24 positive roots, and root vectors X4 (1 ^ i ^ 24). From 
the root pattern, one gets with some calculations the commutation relations of 
F 4 + : [3:1,352] = x 5 ; [2:1,3513] = xu; [0:1,3515] = -35 6 ; [x^xw] = -x 7 ; [2:1,3:17] = 
-X23; [xi,xis] = xi 9 ; [351,2:24] = £22; [3:2,353] = xi 5 ; [x 2 ,x 7 ] = x s ; [3:2,3512] = 

35135 [a52, 35l9] = 35 2 o; [a:2,3;2l] = 3:24; [3:2,3:23] = 3:9; [2:3,354] = 3521 ; [253,255] = %6] 

[x3,x 6 ] = x 7 ; [353,359] = 35io; [353,3511] = 3:12; [353,3:15] = 35i 6 ; [3:3,3:20] = -235n; 

[3:3,3:22] = 53:23; [3:3,3:24] = -53:17; [354, 35 6 ] = 3:22; [354,357] = 35235 [354, 35 8 ] = 35 9 ; 
[354, 359] = -35 20 ; [354, 35io] = 35n; [354,3515] = -3524; [354, »16] = 3517J [3:4,3:17] = Xi 8 ; 
[354, 3:23] = -35i 9 ; [x 5 , X12] = 35l 4 ; [355, 35l 6 ] = 35 8 ; [3:5, 35i 7 ] = Xg] [x 5 , 35i 8 ] = -X 2 0] 
[355, 352l] = X22; [356, 3511 ] = -35145 [356, X15] = —X&] [356,3517] = 35i ; [356, 35lg] = 
2xu] [3:6,3:2l] = 53:23; [3:6,3:24] = \xg\ [357,351s] = 235i 2 ; [3:7,3:20] = -23514! 
[3:7,3:24] = 35l ; [35 8 ,35l8] = 2x i3 ; [358,3519] = 235i 4 ; [35 8 ,35 2 l] = -X W ; [359,3517] = 

-235i 3 ; [359,3521] = -35u; [3:9,3:23] = 2xi 4 ; [3510, 35 2 l] = -35i 2 ; [3510,3522] = -3514; 
[3510,3524] = -35i 3 ; [3:11,3:15] = -35i 3 ; [3515,3519] = 2xn; [3515,3521] = 5^17; 

[3515,3522] = \xg] [3:15,3:23] = —3:io; [3516,3519] = 23;i2; [3:16,3:20] = 2xi3; [3516, 3522] : 

a^io; [3:17,3522] = 25ii; [3517,2:23] = 235i 2 ; [3521,3:22] = 53:19; [3:21,3524] = 52:1s; 
[3:22,2:24] = —53:20; [3:23,3:24] = 35ii. Then one verifies (see [TB]) that F± is 
I-null. 

Case Eg. In the case of E§ the set A + of positive roots (associated to the 
set S of simple roots) has cardinality 36 ( 6 , p. 333): 

A + = {e l + Ej; 1 < i < 3 < 5} U {e % - e 3 -; 1< j < i < 5} 

U {— (±ei ± £2 ± £3 ± £4 ± £5 + V^Ee); # minus signs even}. 

Instead of computing commutation relations, we will use the following property 
ofA+. 

(V): for a,/3,7 G A + , if a + (3 G A + and a + 7 G A + then (3 + 7 £ A + . 

Now, introduce some Chevalley basis ([7], P- 19 ex. 7) of Eg : (X a ) aeA +. One 

has 

[X a ,Xp] = N a ^X a+f} Va,f3 G A + 

N a .fs = if a + 13 <£ A+,N a , G Z \ {0} if a + G A+. 

Define inductively a sequence fli C 02 C ■ ■ • C 036 = Eg of I- null subalgebras, 
each of which a codimension 1 ideal of the following, as follows. Start with 
0i = CXg 1 , 5i G A + of maximum height. Suppose Qi defined. Then take 
0i-l_i = CX$ i+1 © Qi with Si + i G A + \ {Si, • • • , Si} of maximum height. Clearly, 
0; is a 1-dimensional ideal of 0i+i . To prove that it is Z-null we only have to check 
that, for 1 ^ s, t ^ i, if S i+ i + S s G A + and S i+ i + S t G A + then S s + 5 t & A + . 
That holds true because of property (V). 

Case E 7 . In the case of E^ the set A+ of positive roots (associated to the 
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set S of simple roots) has cardinality 63 (]6_ , p. 333): 

A+ = {Ei + EJ ; 1 < i < j < 6} U {e, - £j ; 1 < j < i < 6} U {V2e 7 } 

U {i(±ei ± £2 ± £3 ± £4 ± £5 ± £6 + ^£7); # minus signs odd}. 

Property (T 3 ) holds true for £7 (see [16] )■ Hence the conclusion follows as in 
the case of Eg. 

Case Eg. In the case of Eg the set A + of positive roots has cardinality 120 
(0, P. 333): 

A+ = {£ 4 + Ej ; 1 < i < j < 8} U {£, - e j; 1 < j < i < 8} 

U {-(±£1 ± £ 2 ± £3 ± £4 ± £5 ± £ 6 ± £7 + eg); # minus signs even}. 

Property (T 3 ) holds true for E$ (see [16]). Hence the conclusion follows as in 
the case of E$. □ 

Remark 1. Property (V) holds true for A+, hence we could have used it. How- 
ever, it does not hold true for . One has for example in the above commuta- 
tion relations of F± (with root vectors) [x 3 , X4] 7^ 0, [2:3, xg] 7^ 0, yet [14, xg] 7^ 0. 

Corollary 5. Suppose that the Lie algebra g is such that dim ImX = or 1. 
Let t S Der g such that TXk G C 2 q Vfc 2 where (xx, • • • , xjv) is some 6asis 0/ 
0. Denote § T = Cr © g i/ie Lie algebra obtained by adjoining the derivation t 
to g, and by X the Koszul map of q t . Then Aim ImX — or 1. 

Proo/. Let B e (S* 2 ^*) 8 " such that L B ^ 0. One has I B = uj t A d/ r + Jb 2 o 
(7T2 x 7T2 x 7T2) where (r, x%, ■ ■ ■ , xn) is the basis of g T , (w r , w 1 , • • • , oj n ) the dual 
basis, B2 the restriction of B to g, / T = B(t, ■ ) and 7T2 the projection on g. One 
may suppose dim ImX = 1. Let C € (S ,2 g*) s with Ic 7^ 0. There exists A 6 C 
such that Ib 2 = Ale- Now, for X, Y 6 g, 

df T (X,Y) = B(t, [X,Y]) 

= lj 1 (X)B(t, [x u n 3 (Y)}) - cu 1 (Y)B(t, [x u tt 3 (X)]) + B(t, [ir 3 (X), n 3 (Y)}) 
= -lu\X)B(ttt 3 (Y), Xl ) + u 1 {Y)B(ttt 3 (X), x x ) + B(ttt 3 (X),tt 3 (Y)) 

where tt 3 is the projection on vect(x2,-- - ,Xn). Now, B(ttt 3 (Y), Xx) — 
XC(ttt 3 (Y),xx), B(ttt 3 (X),xx) = XC(t7t 3 (X),xx), B(ttt 3 (X),it 3 (Y)) = 
XC(ttt 3 (X),tt 3 (Y)) since tt7 3 (X),ttt 3 (Y) e C 2 g. The result follows. □ 

Example 2. The nilpotent Lie algebra g7, 2. 4, has commutation relations [xx, X2] — 
%3, [xx,x 3 ] = X4, [xi.xx] = x 5 , [xx,x 5 ] = x 6 , [x 2 ,x 5 ] = -x 7 , [x 3 ,Xi\ = x 7 . The 
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elements of Der 07, 2 .4(mod adjj 7 , 2 .4) are 



(& 

o o £ + $ 
















\ 

















(19) 



o el o 

W o o 














4£l+$ 



t is nilpotent if = £ 2 = 0. Denote the nilpotent r by £f; £f, £f; Now, 
projectively equivalent derivations r, r' (see [13]) give isomorphic § T , jj T /. By 
reduction using projective equivalence, we are reduced to the following cases: 
Case 1. ^ : (1; e; 0, rj; 0); Case 2. £ 2 = : (0; e; 0, n; A); where e,rj,X= 0, 1. 
In both cases g r is X-null, except when r = in case 2 where g T is the direct 
product C x 07,2.4 which is quadratic (i.e. having a nondegenerate invariant 
bilinear form). Hence any indecomposable 8-dimensional nilpotent Lie algebra 
containing a subalgebra isomorphic to 07,2.4 is X-null, though 07,2.4 is quadratic. 
That is in line with the fact that, from the double extension method of [20 , 
[T7] . any indecomposable quadratic solvable Lie algebra is a double extension of 
a quadratic solvable Lie algebra by C. 

Example 3. Among the 170 (non isomorphic) nilpotent complex Lie algebras 
of dimension 7, only a few are not X-null. Those are listed in Table 1 in 
the classification of [T3], P~5] (they are all X-exact). Table 1 gives for each of 

them dim (5 2 0*) 8 , a basis for ^(S' 2 0*) fl / kerX^j (which in those cases is one- 
dimensional), and the corresponding Ibs. I denotes quadratic Lie algebras; for 
Ll>, 7r G 0*, o stands for the symmetric product ui o n = c<j<g>7r + 7rcg)u;; a/>-J> fc 
stands for lo % A w- 7 A ui k . 

Remark 2. There are nilpotent Lie algebras of higher dimension with 
dim (S' 2 0*) fl / kerX > 1. For example, in the case of the 10 dimensional Lie 
algebra with commutation relations [xi,X2] = #5, [x\, X3] = x^,, [x\, X4] — 
X7, [x2,x 3 ] = x s , [x 2 , Xi\ = xg, [£3,2:4] = xio, dim (S 2 0*) B / kerX = 4, and in 
the analogous case of the 15 dimensional nilpotent Lie algebra with 5 generators 
one has dim (5 2 0*) 8 / kerX = 10. Those algebras are X-exact and not quadratic. 

Remark 3. In the transversal to dimension approach to the classification prob- 
lem of nilpotent Lie algebras initiated in [21], one first associates a generalized 
Cartan matrix (abbr. GCM) A to any nilpotent finite dimensional complex 
Lie algebra 0, and then looks at as the quotient g(A)+/3 of the nilradical of 
the Borel subalgebra of the Kac-Moody Lie algebra g(A) associated to A by 
some ideal 3. Then one gets for any GCM A the subproblem of classifying (up 
to the action of a certain group) all ideals of g(A) + , thus getting all nilpotent 
Lie algebras of type A (see pQ, [2], [3], [22], and the references therein). Any 
indecomposable GCM is of exactly one of the 3 types finite, affine, indefinite 
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Table 1: 



algebra 


dim (S' 2 0*) u 


basis for (5 2 0*) u / kcrX 


Is. 


05,4 ■ 


4 






06,3 ■ 


7 


oj 1 ui b - uj 2 uj 5 + u) :i a; 4 


cu 1 ' 2 '' 6 = du) L < b 


06,14 


4 




uj 1 ' 2 ' 6 = -da; 1 ' 4 


05.4 X C ■ 


7 


u 1 tti s - w 4 + aj J cj j 


uj 1 ' 2 ' 6 = doJ 1 '" 


05,4 XC 2 1 


11 




uj 1 ' 2 ' 6 = dw 1 ^ 


g 6 ,3 x C ■ 


11 


u 1 - ® u) 1 " - u 2 & u) b + u) A Q a; 4 


u i,W = du i,u 


07.0.4(A) , 
07,0.5, 07,0.6, 
07,1.02 , 07,1.10, 
07,1.13, 07,1.14, 
07,1.17 


4 


lj 1 oj" - uj 2 u; 4 + u> b a)' 3 


w IA3 = dki; l,b 


07,1.03 


4 


a; 1 ui° - ui 2 uj 4 + ui :i cj 3 


^1,2,3 =d£J l,ti 


07,2.2 


7 




W 1,U,3 = ^1,4 


07,2.4 B 


4 


CJ V + u) 2 uJ b - a;" 3 aj b + oj 4 a; 4 


duJ 1 - 7 


07,2.5, 07,2.6, 
07,2.7, 07,2.8, 
07,2.9, 


4 


OJ 1 UJ 5 - U) 2 uj 4 + a;" 3 UJ 3 


lo 1 ' 2 ' 6 = da) 1 '" 


07,2.18 


7 


u 1 0u l> -tj 2 0w l) +w 4 w 4 


w i,a,4 = dki ,i,« 


07,2.44, 07,3.6 


7 


OJ 1 W b - OJ 2 U) b + U) A OJ 4 


^1,2,3 =d ^l,6 


07,3.23 


7 


u L aj b - a; 2 u> b + uj' 3 a/ 


W 1,1I,S = dwLB 



(among that last the hyperbolic GCMs, with the property that any connected 
proper subdiagram of the Dynkin diagram is of finite or affine type) ( [5] . |24j ) . 
From corollary |U the nilpotent Lie algebras that are not I- null all come from 
affine or indefinite types. Unfortunately, that is the case of many nilpotent Lie 
algebras, see table 2. 

Example 4. The quadratic 5-dimensional nilpotent Lie algebra $5,4 has com- 
mutation relations [xi,^] = X3, [xi,X3] = X4, [2:2,353] = X5. Consider the 10- 
dimensional direct product 05,4X95,4, with the commutation relations: [x%, x 2 ] = 
X5, [xi,x 5 ] = x e , [x 2 ,x 5 ] = x 7 , [0:3,354] = x s , [x 3 ,x s ] = x 9 , [x 4 ,x 8 ] = x w . The 
only 11-dimensional nilpotent Lie algebra with an invariant bilinear form which 
reduces to B x = u 1 Q uj 7 - uj 2 Q uj 6 + uj 5 (g> uj 5 , B 2 = u 3 Q uj 10 - uj 4 Q to 9 + uj 8 <S> uj 8 , 
on respectively the first and second factor is the direct product C x g 5 4 x g 5 4) 

Example 5. The 4-dimensional solvable "diamond" Lie algebra g with basis 
(0:1,352,353,3:4) and commutation relations [3:1,3:2] = X3, [xi, X3] — — X2, [x 2 , 353] = 
£4 cannot be obtained as in lemma [3J Here dim ^(5' 2 g*) B / kerZj = 1, with 

basis element B = uj 1 o uj 4 + uj 2 <S> uj 2 + lu 3 ® uj 3 . I B = u 1 ' 2 ' 3 = din 1 ' 4 ; q is 
quadratic and I-exact. In fact, one verifies that all other solvable 4-dimensional 
Lie solvable Lie algebras are X-null (for a list, see e.g. [H]). 
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4 Comparison of HL 2 and H 2 for a Lie algebra. 

If c denotes the center of g, c ® (S ,2 0*) B is the space of invariant c- valued 
symmetric bilinear map and we denote F = Id ®I : c ® (S' 2 g*) s — + C 3 (g, g) = 
® A 3 fl*- Tnen ImF = c ® Iml. 

Theorem 1. Lei g be any finite dimensional complex Lie algebra and ZL^g^g) 
(resp. ZLq[q, C)) £/ie space of symmetric adjoint (resp. trivial) Leibniz 2- 
cocycles. 

(i) ZL 2 (g 1 g)/(Z 2 (g,g)®ZL 2 (g 1 g)) s MM)nB 3 ( B , 8 ). 

ZX^g.g) = c ® kerX. /n particular, dim ZLj^g, g) = c E^tll where c = 
dime and p = dimg/C 2 g = dimiJ 1 (g, C). 

(Hi) HL 2 (g, q) = H 2 (g, g) © (c <g> kerl) ((c <g> /ml) n B 3 (g, g)) . 

(iv) ZL 2 (g,C)/(Z 2 (g,C)®ZL 2 (g,C)) ^ Iml D B 3 (g,C). 

(v) ZL 2 (g,C) = kcrX. 

(vi) HL 2 (g,C) ^i? 2 ( ,C)ekerXe (iml n B 3 {g,C)) . 

Proof, (i) The Leibniz 2-cochain space CL 2 (g,g) = g ® (g*)® 2 decomposes as 
(fl ® A 2 0*) © (fl ® 0*) w ith ® S* 2 0* the space of symmetric elements in 
CL 2 (g, g). By definition of the Leibniz coboundary S, one has for ip £ CL 2 (g, g) 
and A, Y, Z e g 

(&ip)(X,Y, Z) = u + v + w + r + s + t (20) 

withu = [X,iP(Y,Z)}, v = [tl>(X,Z),Y], w = -ty(X,Y),Z], r = -ip([X,Y],Z), 
s = ip(X, [Y, Z]), t — ip([X, Z], Y). 5 coincides with the usal coboundary oper- 
ator on g ® /\ 2 g*. Now, let ^ = ^ + i/) 6 CL 2 (g,g) , Vi 6 ® AV, V'o & 
Q®S 2 g*. 

Suppose tp € ZL 2 (g,g) : <^/> = = Sipi + Stpo = dijj\ + ch/V Then Sipo = 
—dipi G <8> A 3 0* i s antisymmetric. Then permuting X and Y in formula (|20[) 
for ipo yields (6if>o)(Y, X, Z) = —v — u + w — r + t + s. As Si/jq is antisymmetric, 
we get 

w + s + t = 0. (21) 

Now, the circular permutation (X,Y,Z) in ([2H)l for yields ((h^oKY ^ A") = 
— v — w + u — s — t + r. Again, by antisymmetry, we get 

v + w + s + t = 0, (22) 

i.e. (5ip )(X,Y,Z) = u + r. From (J2TJ) and [j22]). u = 0. Applying twice the 
circular permutation (A, Y, Z) to v, we get first w = and then u = 0. Hence 
(5ip )(X, Y,Z)=r= -ipo([X, Y),Z). Note first that u = reads [A, ip (Y, Z)\ = 
0. As A, Y, Z are arbitrary, ?/>o is c-valued. Now the permutation of Y and Z 
changes r to — t = s (from (|22p). Again, by antisymmetry of c>V>o, r = t = — s. As 
A, Y, Z are arbitrary, one gets tpo 6 C ® (S^g*) . Now F(ipo) = —r = -5tpo — 
dipi £ B 3 (g,g). Hence 

G ZL 2 (g, ) ^ F(^o) = 0o^i£ Z 2 (g,g) c^kerT. 
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Consider now the linear map <& : ZL 2 (g,g) — > F 1 (B 3 (g,g)) / kerF defined 
by 4> [V'o] (mod ker F) . $ is onto: for any [y> ] € F~ 1 (B 3 (g, g)) / kerF , 
<^o G c ® (SV) 8 , one has F(ip ) G F 3 (g,g), hence F(^ ) = ip 1 G C 2 (g,g), 
and then y> = y>o + is a Leibniz cocycle such that $(y) = [^o]- Now 
ker$ = Z 2 (g,g) © ZLo(g,g), since condition [tp ] — [0] reads ip € kerF 
which is equivalent to ijj £ Z 2 (g,g) © ZLq(q, g). Hence $ yields an isomor- 
phism ZL 2 (g,g)/(Z 2 (g,g) ©ZL 2 (g,g)) = F-*(B 3 (g,g)) / kerF . The latter is 
isomorphic to ImFn F 3 (g,g) = (c ® Iml) n F 3 (g,g). 
(ii) Results from the invariance of V'o € ZLg(g,fl). 

(hi) Results immediately from (i), (ii) since BL 2 (g,g) = F 2 (g,g) as the Leibniz 
differential on CL 1 (g,g) = g* ® g = C 1 (g,g) coincides with the usual one. 
(iv)-(vi) Readily similar. □ 

Remark 4. Since ker X©(lmX n F 3 (g, C)) = ker h where h denotes X composed 
with the projection of Z 3 (g,C) onto ff 3 (g,C), the result (vi) is the same as in 

Eg. ' 

Remark 5. Any supplementary subspace to Z 2 (g, C) © ZLq(q, C) in ZL 2 (g, C) 
consists of coupled Leibniz 2-cocycles, i.e. the nonzero elements have the prop- 
erty that their symmetric and antisymmetric parts are not cocycles. To get 
such a supplementary subspace, pick any supplementary subspace W to kerX 
in (S 2 g*) B and take C = {B + uj ■ B e W n J- 1 (B 3 (g, C)), I B = dtu} . 

Definition 2. g is said to be adjoint (resp. trivial) Z L 2 -uncoupling if 

(c 8/mI)n5 3 (g,g) = {0} (resp. Iml n F 3 (g, C) = {0}). 

Adjoint ZL -uncoupling implies trivial ZL 2 -uncoupling, since 
c © (ImX n B 3 (g, C)J C (c © Iml) n B 3 (g,g). The reciprocal holds obviously 
true for X-exact or zero-center Lie algebras. However we do not know if it holds 
true in general (e.g. we do not know of a nilpotent Lie algebra which is not 
X-exact). The class of adjoint ZL 2 -uncoupling Lie algebras is rather extensive 
since it contains all zero-center Lie algebras and all X-null Lie algebras. 

Corollary 6. (i) HL 2 (g, g) = H 2 (g, g) © (c © kerX) if and only if g is adjoint 
ZL 2 -uncoupling. 

(ii) HL 2 {g, C) = H 2 {g, C) © kerX if and only if g is trivial Z L 2 -uncoupling . 
Example 6. g = g§^. 



Trivial Leibniz cohomology. F 2 (g,C) = {dui 3 = — w 1,2 ,dcj 4 = — uj 1,3 ,duj 5 — 
-kj 2 < 3 ), dimZ 2 (g,C) = 6, dimiX^g, C) = 3, Z 2 (g,C) = (w 1 ' 4 , w 2 < 5 , w^+w 2 ' 4 )© 
B 2 {g, C), dim ZL 2 (g, C) = 3, ZL 2 {g, €){= kerX) = (u 1 © lu\ lu 1 uj 2 , lu 2 © lu 2 ), 
dim2X 2 (g,C) = 10, dimiXL 2 (g, C) = 7, and 



with gi = B + lu 1 -' 5 and B — uj 1 uj 5 — lu 2 uj 4 + lu 3 © uj 3 , (we already know that 
ImX = CIb = Cdui 1 ' 5 and ImXfl F 3 (g,C) = ImX is one-dimensional). ^4 is 



ZL 2 (g,C) 
HL 2 (g,C) 



Z 2 (g,C)©ZL 2 (g,C)ffiC 5l , 
J ff 2 (g,C)ffiZL 2 (g,C)ffiC« ?1 
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not trivial ZL 2 -uncoupling (hence not adjoint i?L 2 -uncoupling either), and g\ 
is a coupled Leibniz 2-cocycle. 

Adjoint Leibniz cohomology. dimZ 2 (g,g) = 24; ZL 2 (g,g) = c ® kerZ has 
dimension 6, dim ZL 2 (q, g) = 32, 

ZL 2 (g,g) = Z 2 { Q ,q)®ZL 2 (q, Q )®CG 1 ®CG 2 , 
HL 2 {g,g) = J ff 2 ( , fl )eZL 2 ( fl ,g)®CG 1 eCG 2 , 

where Gi, G 2 are the following Leibniz 2-cocycles, each of which is coupled: 

Gi = x a ® (B + tu 1 ' 5 ) 
G 2 = x 4 (g) (B + uj 1 ' 5 ). 

Corollary 7. For any Lie algebra g with trivial center c = {0}, HL 2 (q,q) = 
7J 2 (g,g). In particular any rigid Lie algebra with trivial center is Leibniz rigid. 

Corollary 8. For any reductive algebra Lie g with center c, iiX 2 (g,g) = 
H 2 {b,&) © (c <8> S 2 c*) , and dimiJ 2 (g,g) = c = dime. 

Proof, g = s © c with s = C 2 g semisimple. We first prove that g is adjoint ZL 2 - 
uncoupling. c ® (S 2 g*) s = c (SV)* © (c <S> SV) = c (SV) 5 ffi c (S*V) . 
Suppose first s simple. Then any bilinear symmetric invariant form on s is 
some multiple of the Killing form K. Hence c <g> (S 2 g*) B = c(CK) © c (S 2 c*) . 
For any € c ® (S^g*) 8 , F(ipo) is then some linear combination of copies of 
Ik- As is well-known, Ik is no coboundary. Hence if we suppose that F(ipo) 
is a coboundary, necessarily F(i/)q) — 0. g is adjoint ZL 2 -uncoupling when 
s is simple. Now, if s is not simple, s can be decomposed as a direct sum 
Si©- --es™ of simple ideals of s. Then (S*V) 5 = 0™ x (SV) 5 ' = 0™ x CA', 
(i^i Killing form of s,.) The same reasoning then applies and shows that g is 
adjoint ZL 2 -uncoupling. From (ii) in the Theorem, ZLq(2,q) — c ®S 2 c*. 
Now, g = s © c with s = C 2 g semisimple. s can be decomposed as a direct sum 
s i © • • • ©5 m of ideals of s hence of g . Then # 2 (g , g) = 0™ 1 H 2 (g, s 4 ) © H 2 (g , c) . 
As Si is a nontrivial g-module, -ff 2 (g,Si) = {0} ([5], Prop. 11.4, page 154). 
Hence 7J 2 (g,g) = H 2 (q,c) = cH 2 (q,C). By the Kiinneth formula and White- 
head's lemmas, H 2 (g,C) = (H 2 (s, C) © H°(c, C)) © (fl" x (a, C) ® fl^c, C)) © 
(ff°(s,C)©ff 2 (c,C)) = #°(s,C)©ff 2 (c,C) = C©iJ 2 (c, C). Hence dim# 2 (g,g) = 



Example 7. For g = g[(n), i?X 2 (g,g) = = C [x n 2 © (a;™ ou n )J , 

where (xi)isSi^n 2 is a basis of g such that (a^i^^a-i is a basis of sl(n) and 
a;„2 is the identity matrix, and (wi)i^i^n 2 the dual basis to (^i)i<i< n 2. Hence 
there is a unique Leibniz deformation of g[(n). 

Corollary 9. Let H.n be the (2N + 1)- dimensional complex Heisenberg Lie 
algebra (N ^ 1) with basis (xi)i<^i^2N+i and commutation relations [xi, XN+i] = 

X2N+1 (1 < * < N). 
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(i) ZL%(^H. n ,Hn) has basis {x 2 n+i <S> (w l ° ^))i^j^2N with (wi)i^i<2JV+i the 
dual basis to (xi)\<i<2N+i- 

(ii) 

dimZL 2 (H N ,H N ) = dimB 2 (H N ,H N ) = N(2N + 1); 

f (8iV 2 + 6N+ 1) ifN^2 
8 if N = 1. 

Proof, (i) Follows from kerl = S" 2 (g/C 2 g) . 

(ii) First TIn is adjoint ,ZX 2 -uncoupling since it is Z-null. The result then 
follows from the fact that (pj]) dim B 2 (H N , H N ) = N{2N + 1) and for N > 2, 
dim H 2 (H N ,H N ) = 2f(4N 2 - 1). □ 

Example 8. The case N = 1 has been studied in |4 . In that case, 
dim.ZL 2 l (7ii,7ii) = 3 and the 3 Leibniz deformations are nilpotent, in con- 
tradistinction with the 5 Lie deformations. 



dim HL 2 (H N ,H N ) = dim Z 2 {H N , H 



N) 
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Table 2: Kac- Moody types for indecomposable nilpotent Lie algebras of dimen- 
sion < 7. Notations for indefinite hyperbolic are those of [24] . 



algebra 



CCM 



.finite 



Aiiinc 



indefinite 
Hyperbolic 



Indctinite 
Not Hyper- 
bolic 



03 
04 

05,1 
05,2 

05,3 
05,4 
05,5 
05,6 

06,1 



90.! 



06,7 



06,10 

06,11 

06,12 

06,13 
06,14 
06,15 
06,16 
06,17 






-1 


-1 





2 








12 








-1 





2 


-1 


-1 


2 



■4! 

C 2 

A 2 x A 2 

A 3 

B Z 

G 2 
D A 

B 2 x A 2 
B 3 



C 3 



4* 



4 (2) 



G. 



(i) 



(i) 



G, 



A (2) 



(3, 2) 



H. 



(3) 



(3) 



(3) 



(3) 



H 



(3, 2) 



(4, 2) 
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Table 2: continued 



algebra 


G(JM 


finite 


Amnc 


Indctinitc 


Indctinitc 








Hyperbolic 


Not Hyper- 


06 18 


( 'if) 

V -1 2 J 


G 2 








06,19 


/ 2 -4\ 
A 2 4 ) 




.C2) 






06,20 


l-3"2 3 ) 






(3,3) 




07,0.1 


V -5 2 y 






(5, 5) 




07,0.2 


idem 






idem 




07,0.3 


idem 






idem 




07.0.4(A) 


(-V2 4 ) 






(4,4) 




07,0.5 


idem 






idem 




07,0.6 


1 2 -3 \ 
(-3 2 J 






(3,3) 




07,0.7 


idem 






idem 






/ 2 — 3 — 3 \ 








V 


07,0.8 


-3 2 -3 










V -3 -3 2 / 








07,1.01(0 


/ 2 -4\ 
( 2 —4 J 
V -1 -1 2 J 






rr(3) 
^123 




07,l.Ol(ii) 


idem 






idem 




07,1.02 








(3, 2) 




07,1.03 


M 






(3, 2) 




07,1. l(i A ) 








(5, 3) 




A ^ 












07,1. l(i x ) 








(5, 2) 




A = 












07,i. i(u) 








(5, 1) 




07,l.l(iii) 


-3-2 4 ) 






(4,3) 




07,1. l(iv) 


/ 2 -4\ 






(4, 2) 




07.1.1(d) 


(0 2 -2 I 

V -2 -1 2 / 








V 




/ 2 -4 -1 \ 








V 


07,1. l(vi) 


-3 2 
\ - 1 2 / 










/ 2 -3 -2\ 








V 


07,1. 2(i A ) 


-3 2 -2 ) 
\ -1 -1 2 / 

/ 2 -3 -2 \ 








07,1. 2(ii) 


( -3 2 -2 I 

y -1 -1 2 y 








V 


07,1. 2(«i) 


fit) 

/ 2 -3 -2\ 








V 


07,1. 2(iu) 


-3 2 -2 

V-i -1 2 ; 








V 
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Table 2: continued 



algebra 1 CCM 

07,1.3(i x ) 

fl7,i. 3(a) 

07,1.3(izi) 
07,1.3(ru) 

07, 1.3(h) 

07,1.4 
07,1.5 
07,1.6 
07,1.7 

07,1.8 

07,1.9 

07,1.10 

07,1.11 

07,1.12 

07,1.13 
07,1.14 

07,1.15 

07,1.16 
07,1.17 
07,1.18 
07,1.19 
07,1.20 
07,1.21 



"FlmtcT 



Afflnc 



indefinite 
Hyperbolic 



indefinite 
Not Hyper- 
bolic 

V 

idem 

V 



V 



D 



(3) 
4 



(3) 



H 



(5, 2) 
(4, 2) 
(5, 2) 



(3) 



H. 



(4,3) 



(4, 2) 
(3,3) 



(4,4) 



H. 



(3) 



V 

V 

V 
V 

V 
V 

V 



V 
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Table 2: continued 



algebra 



finite 



Atiinc 



indctinitc 
Hyperbolic 



Indctinitc 
Not Hyper- 
bolic 



07,2.l(i A ) 
07,2. i(u) 

07,2.1(zii) 

07,2. l(iv) 
07,2. 1(jj) 
07,2.2 

07,2.3 
07,2.4 
07,2.5 
07,2.6 
07,2.7 
07,2.8 
07,2.9 

07,2.10 

07,2.11 

07,2.12 

07,2.13 

07,2.14 

07,2.15 
07,2.16 
07,2.17 
07,2.18 
07,2.19 

07,2.20 

07,2.21 

07,2.22 

07,2.23 









) 


-3 






) 









-2 


-2 





2 


-1 


-1 


2 



D 



(3) 



A? 



V 



(3) 



D 



(2) 
4 



H. 



(3) 



(3) 



(5, 1) 



(3, 2) 
(4, 2) 
(3, 2) 
(3,3) 



(3) 
109 

(3) 
100 

(3) 
107 

(3) 
97 

idem 



H 



(3) 



V 

V 



V 



V 

idem 

V 
V 



V 
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Tabic 2: continued 



algebra 



CCM 



.Finite 



Atiinc 



Indefinite 
Hyperbolic 



indefinite 
Not Hyper- 
bolic 



07,2.24 
07,2.25 
07,2.26 
07,2.27 

07,2.28 
07,2.29 
07,2.30 

07,2.31 
07,2.32 
07,2.33 
07,2.34 
07,2.35 
07,2.36 
07,2.37 
07,2.38 
07,2.39 
07,2.40 
07,2.41 
07,2.42 
07,2.43 
07,2.44 

07,2.45 



2 


_3 


Q 




— 1 


2 


— 1 







-1 


2 


) 


2 


—3 





—2 


-1 


2 


-1 








-1 


2 


-1 


-1 





-1 


2 


2 


-1 


-2 


\ 


-1 


2 


-1 




-2 


-1 


2 


/ 


2 


-2 


-1 


-1 


-2 


2 





-1 


-1 





2 





-1 


-1 





2 


2 


-1 


-2 





-2 


2 








-1 





2 


-1 








-1 


2 


2 


-2 








-2 


2 


-1 








-1 


2 


-1 








-1 


2 


2 


—3 








—2 


2 














2 


— 1 








— 1 


2 


2 


— 3 





\ 

\ 


— 1 


2 


— 2 


J 








/ 


2 


—3 


— 1 




— 1 


2 







— 2 





2 




2 


—3 







— 1 


2 


— 1 







— 2 


2 




2 


— 2 


— 1 




— 2 


2 







— 2 





2 




2 


— 1 


— 2 




— 2 


2 







— 1 





2 


/ 


2 





— 1 


— 1 





2 


— 1 


— 1 


— 1 


— 2 


2 







2 


Q 


2 


2 


-2 






-2 


2 





) 


-1 









2 


-2 





-i 


-2 


2 


-1 








-1 


2 





-1 








2 


2 


-2 


-2 




-1 


2 


-1 




-1 


-1 


2 




2 


-2 


-1 




-2 


2 


-1 




-1 


-1 


2 




2 


-2 


-2 




-2 


2 







-1 





2 




2 


-1 


-2 




-2 


2 




) 


-1 


-1 






2 


-2 


-2 




-1 


2 




) 


-2 









2 


-1 






-2 


2 






-1 


-1 






2 


-2 





-1 


-1 


2 


-1 


-1 





-1 


2 





-1 


-1 





2 



G 



(i) 



4 2 > 



(3) 



(4) 



(3, 2) x Ai 



H 



(3) 
100 

(3) 
106 

(3) 
105 

(3) 



H, 



(3) 



H, 



(3) 



(3) 



(3) 



H. 



(3) 



(3) 



H. 



(3) 



V 



V 



V 
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Table 2: continued 



algebra 



GCM 



"FlmtcT 



Atiinc 



Indefinite 
Hyperbolic 



indefinite 
Not Hyper- 
bolic 



2 


-1 




\ 




-1 


2 


-1 






-1 


-1 


2 


/ 




2 


-1 


-1 


-1 


\ 


-1 


2 








| 


-1 





2 







-1 








2 


/ 


2 


-3 


-1 






-1 


2 









-1 





2 






2 


_3 









_1 


2 


_1 









— 1 


2 










~ 
















— 




; 






2 


— 1 


— 1 






—2 


2 









— 1 





2 






2 


-1 


-2 






-1 


2 


-1 






-1 


-1 


2 






2 


-2 










-1 


2 





-1 










2 


-1 







-1 


-1 


2 




2 


-2 


-1 







-1 


2 





-1 




-1 





2 










-1 





2 




2 


-2 










-1 


2 


-1 


-1 







-1 


2 










-1 





2 




2 


-1 


-1 







-1 


2 





-2 




-1 





2 










-1 





2 




2 


-2 


-1 







— 1 


2 





— 1 




— 1 





2 










— 1 





2 




2 


— 1 


— 1 







-1 


2 





-1 




-1 





2 


-1 







-1 


-1 


2 




2 


-2 










-2 


2 
















2 


-1 










-1 


2 




2 


-1 


-2 







-1 


2 





-1 




-1 





2 










-1 





2 




2 


-1 


-1 







-2 


2 










-1 





2 


-1 










-1 


2 




2 


-2 










-1 


2 
















2 


-2 










-1 


2 




2 


-3 










-1 


2 
















2 


-1 










-1 


2 




2 


-2 











-1 


2 








-1 








2 


-1 











-1 


2 








-1 








2 


2 


-1 


-1 








-1 


2 











-1 





2 


-1 











-1 


2 


-1 











-1 


2 



07,3. l(i A ) 

07,3.1(izi) 

07,3.2 

07,3.3 

07,3.4 

07,3.5 

07,3.6 

07,3.7 

07,3.8 

07,3.9 

07,3.10 

07,3.11 

07,3.12 

07,3.13 

07,3.14 

07,3.15 

07,3.16 

07,3.17 

07,3.18 
07,3.19 



B 3 

B 4 
F 4 

F 4 



C A 
B 4 

B 2 x B 2 
G 2 x A 2 
B :i x A 2 

A 5 



A 2 



D 



(3) 



G. 



(i) 



V 



,(l) 
3 4 



id) 



,(1) 



x A^ 



(3) 
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Table 2: continued 



algebra 



G(JM 



finite 



Arhnc 



Indctimtc 
Hyperbolic 



liidcnnitc 
Not Hyper- 
bolic 



07,3.20 
07,3.21 
07,3.22 
07,3.23 
07,3.24 

07,4.1 

07,4.2 

07,4.3 

07,4.4 




c 3 



A 4 
D 4 

A A x A 3 

A2 x A2 x A2 



a 



(i) 



,(2) 



H, 



(3) 



H. 



(4) 
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